We compute the logarithmic coefficient of the entanglement entropy on a sphere for a Maxwell field in d = 4 dimensions. In spherical coordinates the problem decomposes into one dimensional ones along the radial coordinate for each angular momentum. We show the entanglement entropy of a Maxwell field is equivalent to the one of two identical massless scalars from which the mode of l = 0 has been removed. This shows the relation c log , verifying the relation, as well as checked they coincide with the corresponding logarithmic term in mutual information of two concentric spheres.
Introduction
In four dimensions the entanglement entropy (EE) on a sphere for a conformal field theory (CFT) admits an expansion of the form S(R) = c 2 R 2 ǫ 2 + c log log
where ǫ is a short distance cutoff, and R is the sphere radius. The logarithmic coefficient c log is expected to be independent of regularization. Arguments based on conformal invariance of the theory imply that c log is generally given by the coefficient multiplying the Euler density in the trace anomaly [1, 2] . The early prove of this result for 3 + 1 dimensions done by Solodukhin [1] relied on conformal invariance and the connection between the EE with the holographic entropy. Later, a proof of the connection of the logarithmic coefficient and the trace anomaly was given for any even dimensions in [2] using conformal mappings to express the EE on a sphere as thermal entropy in de Sitter space with a fixed value of the product between the temperature and the curvature radius. For free scalar and fermion fields in 3 + 1 dimensions this was confirmed numerically and analytically [3, 4, 5] by explicit calculations. On the other hand, for a Maxwell field, the explicit thermodynamic calculation in de Sitter space by Dowker reveals a different result [4] .
This mismatch together with subtleties found to define correctly the partition of the Hilbert space as a tensor product for lattice gauge models [6] , inspired the introduction of the algebraic approach in [7, 8] (see also [9] ), where the entropy is associated to local gauge invariant operator algebras rather than regions. There are ambiguities on the details of the choice of algebra at the boundary of the region, and these lead to ambiguities in the entropy. Several works computing the EE for a Maxwell field using directly methods of the continuum have also pointed out subtleties on boundary details of the calculations [10, 11, 12, 13] . Some authors suggested these boundary details can change the logarithmic coefficient [10, 11, 12] , and with the appropriate choice the mismatch with the anomaly might be healed.
However, as pointed out in [7] , the algebra ambiguities in the continuum limit are of the same kind as the ones affecting the EE for other fields. In particular, the mutual information (MI) does not suffer any ambiguity in the continuum limit. Therefore, if we use mutual information to compute the logarithmic coefficient for a sphere there is no issue of boundary details in the calculation. Moreover, there is no known way to select a specific choice of algebra from the model itself, without introducing external elements that would make the calculation non universal. Most probably, in QFT the universal meaning for parts in EE of vacuum state is always contained in mutual information.
In this work, we explicitly compute the EE for a Maxwell field (using an algebra without center, see [7] ) and the mutual information. We find the logarithmic coefficient coincides with the number calculated in [4] and differs from the anomaly.
We first, exploiting the spherical symmetry of the problem, reduce the problem to a one dimensional one which depends only on the radial coordinate, in the same spirit as the method introduced by Srednicki in [14] for scalar fields in spheres. We found the case of a Maxwell field is equivalent to two copies of a massless scalar field, where the angular momentum mode l = 0 has been removed. This identification automatically tells us the logarithmic coefficient is
log ) where c S log = − for the Maxwell field. We have successfully tested these results numerically, computing the EE in the lattice for a scalar, the scalar zero mode, and the Maxwell field. We find the same is true for the logarithmic coefficients computed with mutual information. As a crosscheck, we have computed also the area coefficients in the entanglement entropy and the mutual information finding a perfect accord with the ones reported previously in the literature [5, 15] .
The paper is organized as follows. In the second section, we discuss the planar problem of infinite parallel planes. This is useful as a warm up exercise, and because already in the planar geometry there is an equivalence between the Maxwell and two massless scalar fields. In fact, the EE in planar geometry does not distinguish between the two theories, both have the same universal coefficient. In this sense, the sphere is different. In the third section, we show both theories differ in the zero angular momentum mode which is subtracted in the Maxwell theory. In the fourth section we check our results numerically. Finally, we briefly discuss interpretations of the anomaly mismatch and speculate on possible resolution.
Mutual information for parallel planes
Before considering the problem of the EE for a Maxwell field on the sphere, we study the case two parallel planes separated by a distance L as shown in figure (1) . Most of the ingredients in this discussion will be useful later for the spherical case. The parallel planes define in turn two regions A and B on each side A = x = x 1 , x 2 , x 3 : −∞ ≤ x 1 ≤ 0 and B = x = x 1 , x 2 , x 3 : L ≤ x 1 ≤ ∞ . We are computing the mutual information between these two regions. This is a finite and well defined quantity, given by the combination of entropies
This case can be treated with dimensional reduction as discussed in [15, 16] for free scalar and fermions. The Hamiltonian of the Maxwell field is This is precisely the dimensional reduction of two real scalar fields (see [17] ). Hence, as the local operator algebras and states are identical, mutual information for the Maxwell field in the wall geometry is given by twice the one for a massless four dimensional scalar field. This last is in turn the sum over the mutual informations for the tower of massive one dimensional scalars. For a scalar field the final result is
where A is the wall area, L the separating distance between the planes and κ was computed in [15, 16] 
with c(r) the one dimensional entropic c-function. The "strip" term for a Maxwell field is then twice the one for scalars. However, differences between the Maxwell field and massless scalars will show up for curved entangling surfaces.
Entanglement entropy for a Maxwell field in the sphere
We consider now the EE for a Maxwell field in the sphere. As before, the problem can be again dimensionally reduced, this time due to the spherical symmetry.
Maxwell field:
The Hamiltonian, constraints and commutators.
In spherical coordinates, the vectorsĒ andB can be expressed as
where the vector spherical harmonicsȲ s lm are defined in terms of the standard Y lm as
and satisfy the following orthogonality conditions
From there E
In this coordinates, the Hamiltonian (3) simply results
with
and
The constraints tell the radial and electric component are not independent. From ∇.E = 0 and ∇.B = 0 we have
where we have used that∇
From here, it follows that E e lm and B e lm are dependent variables that can be written in terms of E r lm and B r lm respectively. Eq.(28) fixes E r l=0 = const./r 2 . Since there are no charges, the only consistent solution finite at the origin is E r 0 = 0.
Finally, we consider the commutation relations for the radial and magnetic components
The other non zero commutators are the ones involving the dependent variables E e and B e which follow from the constraint equations. They will not be needed in what follows. Replacing in the Hamiltonian (26) the constraint equations (28), (29) we obtain
(34) We can identify two identical sets of modes (E r , B m ) and (B r , E m ). Then, in order to reduce the commutation relations (33) to the canonical ones and to fix the coefficient of the square of the canonical conjugated momenta ((E m lm ) 2 and (B m lm ) 2 ) to 1 in the Hamiltonian we introduce the following rescaled variables
The Hamiltonian and commutators in terms of the new variables read
Note that H 0 = 0. The boundary conditions in the origin for each modeẼ lm can be studied considering the classical equations. The Lagrangian, omitting the subscript (lm),
gives the following equation of motioñ
ForẼ λ (r, t) ∼ e −iλtẼ λ (r), we obtaiñ
) (λr) . Thus,Ẽ ∼ r l+1 when r → 0. We have set C 2 = 0 since this solution is divergent in the origin. If we think now in the original variables
This tells us all the fieldsẼ,B goes to zero at the origin while the original ones can take a constant value for l = 1.
Scalar field
The same analysis can be done for a scalar field. Using spherical coordinates, the radial Hamiltonian in three dimensions can be written as [5, 14] 
whereφ lm andπ lm are defined in terms of the original field and momentum as
such that
Expanding the second term, we arrive at
The boundary term − ∂ ∂r φ2 r can be neglected since its corresponding boundary contribution vanishes as ∼ r 2l+1 . This Hamiltonian is identical to the Hamiltonian of each of the two electromagnetic spherical modes, eq. (37), except for the additional φ l=0 radial mode. This l = 0 mode is equivalent to a massless free scalar in d = 2 with boundary condition φ l=0 (0) = 0 at the origin. Thus, we conclude the problem for the Maxwell field in the sphere is equivalent to the one of two massless scalar fields where the l = 0 mode has been removed. In 2 + 1 dimensions the identification between the algebra of the Maxwell field and the algebra of two truncated scalars follows directly from the duality 1 2 ǫ ρµν F µν = ∂ ρ φ, and extends to any region [8] .
Entanglement Entropy
From the identification in the previous section, we conclude the Maxwell theory in the radial coordinate corresponds to two truncated scalar fields with the l = 0 mode removed. Due to the symmetry, the theory decouples in angular momenta such that the total entropy is written as an infinite sum of independent contributions S = l,m S l,m . For a truncated scalar, the l = 0 term is missing in the sum. We conclude that in particular the logarithmic coefficient in the EE for a sphere must be c
where c S log is the log coefficient for a 3 + 1 dimensional scalar field in a sphere, and c
log is the one of a one dimensional massless scalar in an interval (0, R) with condition φ(0) = 0 at the origin. Both, c S log = −1/90 [1, 3] and c S l=0 log = 1/6 [18] , are known to correspond to the conformal anomalies of the associated theories. We have
This is the value found by Dowker in [4] by thermodynamical arguments in de Sitter space.
The lattice realization for spherical sets
We check numerically the results found above, evaluating the EE for Maxwell and scalar fields in the sphere and the scalar zero angular momentum mode field in the line. We start reviewing very briefly the techniques we are going to use (see [15] for a review). Finally, we also consider the mutual information. All the numerical results confirm the ones discussed in the previous Sections.
Entropy for scalar and gauge fields
In general, for a set of fields φ i and π i with canonical commutation relations, the entanglement entropy associated to a region V , can be calculated from the field and momentum correlators X = φ i φ j and P = π i π j restricted to V [15] . These, in turn, are functions of the matrix K
defined from the discrete Hamiltonian
The entropy is written in terms of C = X| V . P | V as
For spherical sets, the problem can be reduced to a one dimensional one in the radial coordinate as shown in the previous section. In our case, for each l the Hamiltonian is
which is simply the discrete version of the radial Hamiltonian (37) in the previous section. More precisely, there are two identical and independent set of modes with this same Hamiltonian. From (54), we identify the matrix K l
We note, that this matrix is different from the one used by Srednicki [14] . This is simply due to the fact that we are implementing a different discretization. This will not spoil the final continuum limit. In fact, both K ′ s give rise to the same correlator in the continuum. As a crosscheck, in the large lattice size limit, we have tested the correlators (51) tend to the ones in the continuum where K l can be directly read from (48) and corresponds to the operator −∂ 2 r + l(l+1) r 2 . More explicitly, the eigenfunctions of
with two solutions
We only keep the first one since the second one diverges in r = 0. Then
with a normalization prefactor such that
(61) The lattice correlators approach this result for large r, r ′ .
The total entropy will be given by the sum of the contributions S l for each mode
where S l depends on C as in (53) and the factor of two counts for the two sets of modes (B m , E r ) and (E m , B r ). The details of our numerical calculation are as follows. The sum of entropy contributions in (62) has been calculated for a range of radius n = 5, ..., 60 (measured in lattice sites) exactly up to l max = 1000. The large l > l max contribution is calculated for each R by fitting eight different values of S l from l = 1000 to l = 4500 [5] . The total size of the radial lattice is given by a finite infrared cutoff N . We impose φ l (N ) = 0. To eliminate the dependence on the infrared cutoff N , after summing over l, we repeat the calculations for different lattice sizes N = 200, 300, 400, 500 A is a sphere of radius R 1 = R − ǫ/2 and B, the complimentary region of a sphere of radius R 2 = R + ǫ/2. The averaged radius is R = (R 1 + R 2 )/2 and the annulus section is ǫ = R 2 − R 1 . and obtain the infinite lattice limit fitting the results with a 0 + a −2 z 2 for each radius. We take a 0 as the infinite lattice limit.
Finally, we fit the entropy with c 0 + c 2 R 2 + c log log(R) where we define the sphere radius as R = n + 
The results are shown in figure (2) . As a crosscheck, we also measure the (non universal) area term. As expected, we obtain
which agrees with the same coefficient found for a scalar field in [5] using a the discretization of Srednicki, up to six digits. We have also done the computation of the logarithmic coefficient for a massless scalar just removing the prefactor of two and adding the l = 0 mode in (62). We find c S log = −0.01116 ∼ − 
Mutual information
Mutual information gives us a geometrical prescription for defining a universal regularized entanglement entropy [19] . Consider the geometry shown in figure (3) , the mutual information I(A, B) we interested in is the one between a sphere of radius R 1 and the complementary region of the sphere of radius R 2 . The mutual information depends on the averaged radius R = 1 2 (R 1 + R 2 ) and the separation ǫ = R 2 − R 1 . In the limit ǫ → 0, the regularized entropy is defined as
We use S(V ) = S(−V ) for pure states to calculate S(B) and S(A ∪ B), as the entropies associated to the sphere of radius R 2 and the annulus with inner and outer radius (R 1 , R 2 ) respectively. (Fig.(3) ) for the scalar l = 0 mode. The solid interpolating curve is f (η).
The mutual information calculation is more subtle numerically than the one for the entropy, since the log coefficient in the subtraction of disks and annular strip entropies is very sensitive to numerical errors. On the other hand, MI has the advantage to be less sensitive to ultraviolet contributions, what allows us to cut the sum over angular momenta to smaller values. By inspection, we have found the contribution from angular momenta vanishes as l increases, being negligible for l ≥ 100 already for the range of radius R 1 and R 2 we are using. For a lattice size N = 2000 and l max = 150, we calculate the mutual information for different configurations with
We take η in the range 8 . . . 22. The mutual information at each fixed value η is evaluated for different R and fitted with a 0 + a 2 /R 2 + a 4 /R 4 where R = 1 2 (R 1 + R 2 ). The continuum limit for each η is a 0 . In the continuum we expect, for large η,
In order to gain precision in the computation of the logarithmic coefficient, we will profit of the knowledge of the theoretical value of the coefficient s 2 of the area term in the MI proportional to η 2 . This coincides with the area term of the MI between two parallel planar entangling surfaces. This is calculated independently using an analytical dimensional reduction approach (see Section 2) and found to be s 2 = 4π × κ with κ = 0.0055351600 [15] . In fact, we can check numerically that fitting the data with a curve s 2 η 2 + s log log(η) + s 0 we obtain the numerical value s 2 = 0.0695355 consistent with the theoretical one. The fit to the numerical data is excellent for the area coefficient, but it is unstable and contains significant deviations from the expected result for the logarithmic ones. For relatively small values of η we are considering, it seems there are important subleading contributions that make the logarithmic coefficient unstable within 30% error. In order to have a more stable fit, our strategy here is to profit from the fact that the main contribution to the logarithmic term for the Maxwell field as compared to the full scalar, comes from the removed l = 0 scalar mode (Fig.(3) ) for a Maxwell field for a single set of modes (B m , E r ). In the plot, the area term has been subtracted from the data. The fit shown is −0.9899(f (η) + 2 90 log(η)) with f the interpolating function of the MI of the l = 0 massless scalar ( Fig.(4) ) .
(1/6 compared to 1/90). As it appears, this is also the main source of the subleading corrections. Thus, we first subtract the area term 4πκη 2 to the data and fit the result with
where f (η) is an interpolating function corresponding to the MI for the zero angular momentum scalar mode ( figure (4) ) and the 1/90 corresponds to the contribution of the full scalar. This gives in fact a more stable fit for the Maxwell field. We get x = −0.9899. The MI for the l = 0 mode has a logarithmic dependence in η for large values of η, which is in accordance with the interpretation of MI as a regularized entropy in this limit. However, it also contains a subleading −1/2 log(log(η)) correction. This comes from a term 1/2 log(log(η)) in the entropy of the small interval of size ǫ as we put R to infinity. This correction is related to the infrared divergences for a massless scalar in d = 2, that here are regulated by the distance R to the boundary. A corresponding divergence appears for a massive scalar in the limit of small mass [15] . That is, we get
However, we note the approach to this regime is quite slow and this is the reason why a direct fit with (67) is not adequate. Then, we can read off from the result of the fit for x that for large η we have 
Therefore, as expected, we found that the logarithmic coefficient given by MI coincides with the one obtained directly from the entropy. The results are shown in figure (5) . Notice that these results imply the mutual information for the Maxwell field contains also a subleading term log(log(η)) for large η. The complete expression reads
Algebras with center
In gauge theories the most natural choices of local gauge invariant operator algebras contain a center, that is, a set of operators commuting with all other operators in the algebra [7] . This is generally the case when the number of electric and magnetic operators is not balanced. For example, the electric center [7] corresponds to the case where there are a number of extra electric operators localized at the boundary. The entropy in the case of local algebras with center has an additional classical contribution. The calculation of c M log done in previous sections corresponds to the case of operator algebras without center, as follows from the matching between electric and magnetic degrees of freedom. For the Maxwell field in d = 4 the electric and magnetic centers choices are dual to each other and the calculations for these two choices are equivalent in the spherical lattice. For example, the electric center can be implemented by adding the operators E r lm [n + 1] on the boundary to the full algebra of operators up to radius n. The classical entropy for this center can be computed using the formula for Gaussian states in [7] . We have
The constant is arbitrary because the definition of the classical entropy for continuous variables has an additive ambiguity. We find numerically that
for l ≫ n. Then, even disregarding the problem of the ambiguity in the definition of the classical entropy, we see that the sum in (72) does not converge. This means that the radial discretization is not enough to regularize the entropy in this case. 1 As shown in [7] , mutual information in the continuum limit is independent on the details of algebra choice. With or without center, it must converge to a unique universal value. In fact, the contribution of the classical center on the boundary to mutual information seems to vanish in the continuum limit 2 . In this sense, the calculation of the previous section has a universal character. Nevertheless, we have checked numerically that the classical contribution to the mutual information for two radius R 1 and R 2 vanishes exponentially fast as a function of l for large l > R 1 , R 2 . This produces a finite contribution when summed over angular modes. That is, even if the entropy in the electric center case cannot be computed using radial discretization, there is no obstacle to compute mutual information. We also checked the classical contribution to MI decreases towards the continuum limit, when R 1 , R 2 are taken large with respect to the lattice spacing.
Discussion
Our main result is that for a free Maxwell field the logarithmic coefficient c M in the entanglement entropy of a sphere in 3 + 1 dimensions is not given by the coefficient −31/45 multiplying the Euler density in the trace anomaly. It rather coincides with Dowker's result [4] , and is given by
with c S log = −1/90 and c S l=0 log = 1/6 the logarithmic coefficients for a d = 4 massless scalar and d = 2 massless scalar with Dirichlet boundary condition at the origin. Our results in terms of the mutual information show this is a solid equivalence, that cannot be modified by local boundary changes in the algebra prescriptions.
On the other hand, the logarithmic coefficient for the entropy proper, without invoking MI, can probably be tuned using particular algebras with center, and hence should not be universal. The standard understanding in this regard is that the full contribution for the Maxwell field has two parts, a bulk and a boundary contribution. This last one has been associated for example to an electric center [11] , or equivalently to boundary degrees of freedom localized on the entangling surface generated by the gauge redundancy [10] . With this choice, the contribution to the logarithmic coefficient would be the one of a ghost massless scalar in S 2 ,
In the same spirit, in [21] and [12] the −16/45 is corrected to match the expected value correcting the effective action by relevant boundary terms or total derivatives. In any case, for any such choices, mutual information would return the same logarithmic coefficient (74) because MI by its very definition is insensitive to regularization dependent boundary terms. Therefore, we think the result (74) is definitive. Most probably, there is no universal meaning for the entropy of QFT in Minkowski vacuum other than the one given by mutual information.
This leaves two open problems to which we hope to return in the future. The first one is why mapping the EE to the problem of the logarithmic coefficient of the free energy on a d-dimensional Euclidean sphere in [2] does not produce the right coefficient in this particular case. In this sense, we note this calculation actually computes a "naked" entropy, and a careful examination is necessary to determine how to modify it to obtain the result for the mutual information. This might be specially important for free bosonic models in which exist operators with dimensions d − 2 that can be added as surface terms to the modular Hamiltonian K. Boundary terms in the modular Hamiltonian will produce insertions on the Euclidean sphere equator. These boundary terms can be fixed by the first law for the variation of the entropy under infinitesimal variations of the state, δ K = δS, where δS is understood as half the variation on mutual information for vanishing cutoff. A boundary term is known to appear in K for the scalar field [22] . Any understanding in this line should account to the fact that the free energy on the sphere does give the right result for scalars.
The second question is whether there is a sense in which the anomaly coefficient can be recovered as the correct result. We want to speculate that this might indeed be possible for charged theories, perhaps giving a universal meaning to the calculations in [10, 11] . As we have seen this is not possible for free Maxwell field. However, the situation might be different for a Maxwell field coupled to charges. If the charged fields are heavy with a large mass scale M , and we evaluate mutual information of concentric spheres with RM ≫ 1, two different situations might appear depending on the value of M ǫ. If M ǫ ≫ 1, then we expect massive modes cannot alter the result (74). In this case the only connection between the two regions is through the massless Maxwell field with the usual free correlators. However, if M ǫ ≪ 1 and the scale of ǫ has crossed the scale of the masses, charged particle fluctuations will be visible to mutual information. In general massive particle fluctuations will contribute locally on the entangling surface to the area term, but in principle could not change the infrared log(R) term. However, here the charges will allow the constraint ∇E = ρ to talk between the two regions.
Can this produce a logarithmic coefficient given by the anomaly? Note that in this case the extra contribution has to be highly universal, independent of the particle charges for example. This might seem odd, but a very similar situation is expected to hold for topological theories in 2+ 1 dimensions [19] . In this case, the mutual information must be zero for ǫM ≫ 1, where M is the gap scale. This is because there are no correlations at distances larger than ǫ. But as we put ǫM ≪ 1 correlations of the underlying physics should built a mutual information different from zero, and in particular, the constant term should give the topological entanglement entropy −γ characterizing the topological order.
Other similar striking differences between free and interacting behavior of the entropy are the renormalization of the area term due to mass scales in the theory [17, 23, 24] , and notably relative entropy for two states in the limit where the region is a null surface [25] . In all these cases, as in our conjecture here, the apparent paradox of the discontinuity between free and interacting (why the interacting result would not converge to the free one when the charges go to zero?) would in fact be smoothly controlled by a geometric parameter, that here is the separating distance ǫ. However, if one defines the universal term in the entropy as the one resulting from the ǫ → 0 limit, then the result would be different for free and interacting models, but for all interesting cases where the gauge field is not completely decoupled the anomaly would be the adequate number to consider.
The normalized eigenstates of K are ψ l k = 2/π sin(kl) since we have l K il sin(kl) = (2 − 2 cos(k)) sin(ki) , 
